In this investigation, an improved Rayleigh-Ritz method is put forward to analyze the free vibration characteristics of arbitraryshaped plates for the traditional Rayleigh-Ritz method which is difficult to solve. By expanding the domain of admissible functions out of the structural domain to form a rectangular domain, the admissible functions of arbitrary-shaped plates can be described conveniently by selecting the appropriate admissible functions. Adopting the spring model to simulate the general boundary conditions, the problems of vibration of the arbitrary plate domain can be solved perfectly. en, a numerical method is introduced to figure out the structure strain energy, kinetic energy, and elastic potential energy of the boundary. Finally, comparing the result with the simulation results and reference examples, the accuracy and convergence of this method are testified. erefore, an effective new method is proposed for the guidance of the related research and practical engineering problems.
Introduction
Plate structures are widely used in various engineering fields such as civil engineering, aerospace, and vehicle engineering. Vibration of plates has extensively been investigated for many years. Analytical methods are firstly proposed to handle the vibration characteristic analysis of the plates of single shapes and simple boundary conditions. However, the problems of plates in practical engineering are usually more complex. us, research on plates of arbitrary shape with complicated boundary conditions is of great significance.
So far, scholars mainly utilize numerical methods to solve the vibration problems of the arbitrary-shaped plate and shell, for instance, finite element approach [1] , generalized differential quadrature finite element method [2] , general higher-order equivalent single layer theory [3] , differential quadrature method [4, 5] , complex variable methods [6] , and differential volume method [7] . Ahmad et al. [8] proposed a method to overcome the disadvantage of former ways when approximate geometric structure and the influence of shear displacement were ignored, by using the curved thick shell finite element method. Gorman [9] proposed a method, the method of superposition, for solving the problems of free vibration analysis of the completely free rectangular plate in 1978. By using the method of superposition, solutions can satisfy identically the differential equation and boundary conditions with any desired degree of accuracy. Eigenvalues of four-digit accuracy are provided for a wide range of plate aspect ratios and modal shapes. Fantuzzi et al. [10] proposed a generalized differential quadrature finite element method (GDQFEM) for fourparameter functionally graded cracked plates of arbitrary shape. It is very convenient to solve the problems of arbitrary-shaped plates and shells with numerical methods because of their natural advantages [11] . Yet there are also many shortcomings. For instant, in terms of the finite element method, when dividing the grid, the accuracy is of vital importance on the user's experience, which takes so much energy to ensure the calculation precision. In addition, when the model parameters and dimensions are changed, it is necessary to remodel, which is time-consuming and laborious.
us, an analytical method, as a simple and effective analysis method, is widely used in the static and dynamic analysis of simple plate and shell problems. Xie et al. [12] used the wave-based method to analyze the free and forced vibration of the elastically coupled annular plate. Brischetto [13] analyzed the convergence of the free vibration analysis solution of 3D equilibrium equations for plates and shells by using the exponential matrix method. ere are also many analysis methods used for solving problems of plates [14] [15] [16] . e Rayleigh-Ritz method is one of the most important analysis methods. Using the Rayleigh-Ritz method, Abrate [17] studied the vibration of point supported triangular plates. Karunasena and Kitipornchai [18] , based on the Rayleigh-Ritz method and Reissner-Mindlin plate theory, analyzed free vibration of shear deformable general triangular plates with arbitrary combinations of boundary conditions. Pavlovic and Mbakogu [19] used the Rayleigh method to study the fundamental frequencies of vibration of circular plates. e Rayleigh-Ritz method is so widely used for solving problems of plates. Due to the inherent advantages such as easy to be combined with other methods, the analytical method is widely used. It can also reveal the structural vibration characteristics theoretically and facilitate the analysis of the mechanism. Furthermore, it can be used to test the numerical methods. So, the study of analytical methods is also of great significance. However, for the plate with complex shape, the test function is very difficult to obtain and the formula derivation is very complex. For these reasons, the traditional Rayleigh-Ritz method or other analytic methods are difficult to solve the vibration problems of arbitrary-shaped plates.
In order to solve the problems of arbitrary-shaped plates, one of the most crucial difficulties to overcome is how to deal with the boundary conditions of a curved edge.
ere are many methods to simulate complex boundary conditions nowadays such as high-order precision mixed finite element method, extended Kantorovich method [20] , length undetermined method, and boundary integral equation method [21] . But these methods are computationally complex, and furthermore, when the boundary conditions are changed, mostly it is necessary to rederive the formula, which is quite tedious. In particular, when dealing with the boundary of curved edges, it is even more difficult. As a very flexible method, the method of spring simulation boundary is widely used, and the accuracy of this approach has been well validated [22, 23] . e main idea of the method is to translate the boundary condition constraints into the solving of the elastic potential energy. Various boundary conditions are simulated by changing the corresponding stiffness values of linear springs and angle springs distributing along the edges linearly of the structure. By converting the boundary constraint into elastic potential energy, the influence of different boundary conditions on the vibration of the structure is analyzed. However, studies above mainly simulated the boundary of the straight edges, and there is less research on the boundary conditions of the curved edges.
Based on the Rayleigh-Ritz method, a semianalytic method called the improved Rayleigh-Ritz method is proposed to solve the free vibration problems of arbitraryshaped plates, which is an improvement and expansion of the Rayleigh-Ritz method. e traditional Rayleigh-Ritz method and some methods currently proposed to calculate the vibration of specific shape plates are not very adaptable, and many kinds of shapes of plates are too difficult to find suitable admissible functions to solve the vibration problems. e improved Rayleigh-Ritz method can be used in the calculation of vibration of arbitraryshaped plates. It is suitable for various solutions without renewing the model while complex boundary conditions are changed, which is of higher efficiency and adaptability.
e main innovation of the present method is that, on the one hand, the domain of admissible functions can be extended to the outside of the structure, and then the admissible functions can be used to simulate the arbitraryshaped plates' displacement. On the other hand, combining the spring model method, the present method can be used to solve problems of complex boundary conditions especially on the curved edges.
e basic solving process of the present method is basically the same as that of the Rayleigh-Ritz method, which turns the vibration problem of plates into the eigenvalue problem. In addition, the method of this paper is more convenient in programming and analysis. Especially when the model size, materials, or boundary conditions of the structure are changed, there is no need to rederive the formula or build the model, and by just changing the parameters, the problems can be solved easily, which is quite time-saving and labor-saving. Compared with the traditional Rayleigh-Ritz method, this method has a larger application range and higher precision. It provides an effective reference for solving the problems of arbitrary-shaped plates in engineering problems.
The Improved Rayleigh-Ritz Method
e physical model of an arbitrary-shaped thin plate is shown in Figure 1 . e structural domain S is of arbitrary shape, and the springs are adopted to simulate general boundary conditions, linear springs and rotational springs.
e spring constants are k and K, respectively.
Main Features of the Method

Expansion of the Admissible Function Domain.
When using the improved Rayleigh-Ritz method, the admissible function domain is expanded to the outside of the real structure, and the model is shown in Figure 2 . S is the structural domain. And S a is the integral domain of the admissible function, the length is L x and L y , respectively. When the structural domain is of arbitrary irregular shape, we can suppose that the structural domain can be extended to a rectangular domain slightly larger than the real domain of the structure, and the rectangular domain must contain the real structural domain. According to the rectangular domain, the admissible function can easily be obtained. By integrating according to the original structural domain, the strain energy and kinetic energy of the plate are obtained, and the calculation results are very accurate. e closer the admissible function domain is to the structural domain, the more accurate the solution is. So, a principle of the method to select the admissible function domain is to keep the rectangular domain as small as possible.
erefore, when the rectangular field is tangent to the irregular structure, the error is minimized.
When obtaining the strain energy and kinetic energy of the plate, integration needs to be performed. Set a circular plate whose radius is R as an example. Due to its symmetry, when calculating the integral, only a quarter of the structure needs to be calculated, and the bending strain energy is
(1)
en, the strain energy and kinetic energy of the circular plate can be obtained by double integral. Normally, the edges of the irregular shape can be fitted by a polynomial, and the energy can be obtained by the integral. It is important to notice that when calculating these forms of double integral calculation, it is very difficult to solve some complicated functions by direct integral. In order to solve this problem, and improve the efficiency of calculation as well, we introduced the discrete method to calculate the above points.
e specific way of discretization of the structural domain is shown in Figure 3 .
Along the y direction, the entire integral domain is uniformly divided into Q equal parts with width V y and the corresponding y coordinate y j . According to the function expression of the curve, the corresponding length of the integral domain can be calculated as
en, the above length is divided into Q parts, and the length of the small segment after discretization is
e horizontal and vertical coordinates of the discrete subsections are
erefore, the double integral can approximately be converted into the sum of the microarea, so the strain energy and kinetic energy can be expressed as follows:
where C is the coefficient and f(x ij , y i ) is the related function of calculating strain energy and kinetic energy. In this way, not only the computational efficiency is greatly improved, but also problems with some complicated integral functions can be solved. 
Virtual Spring Model Method Handling the Curved
Boundary Conditions. Classical boundary conditions, such as fixed and simple support , are often difficult to accurately simulate the boundary conditions of the actual structure. Considering the general condition, the spring model is used to simulate the more general boundary conditions. On the edges of the structural domain, the linear springs and the rotational springs are adopted. Set the rectangular plate as an example, the model is shown in Figure 4 .
Supposing the linear spring constants and the rotational spring constants are k ij (N/m 2 ) and K ij (N/rad), respectively. It is easy to simulate various complex boundary conditions by adjusting the stiffness of the two kinds of springs. e simulation of classical boundary conditions is described below. e specific constants are shown in Table 1 .
e mechanism of the spring model method is to transform the influence of the boundary conditions on the structural vibration to the increase of elastic potential energy of the total stiffness of the structure.
For the arbitrary-shaped plate studied in this paper, its edges are curved, and then the elastic potential energy of boundary is expressed as
where V s is the spring elastic potential energy, w · (x, y) is the admissible function of the thin plate, n V is the normal direction of the edge, and l is the total length of the edge, as shown in Figure 5 .
e partial derivative of the curve in the normal direction is expressed as
Discretize the edge, as shown in Figure 6 . e length of each microsegment is
en, the elastic potential energy at the boundary can be expressed as 
Δx i 
2.1.3. Analysis Process. e admissible function of the thin plate can be expressed as
where A mn is the unknown expansion coefficient, m and n are the serial numbers, M and N are the truncated items, f m (x) and g n (y) are the orthogonal polynomials along the x and y directions, Chebyshev series is selected, and e iωt is the simple harmonic time factor.
It is very important to select the appropriate admissible function when applying the improved Rayleigh-Ritz method for it has a great influence on the accuracy because the Chebyshev series can satisfy arbitrary boundary conditions and satisfy the condition that its third-order derivative is continuous and the fourth-order derivative exists at each point, which can overcome the disadvantage that the phenomenon of discontinuity may appear at the boundary. e present method chooses the Chebyshev series as admissible function [24, 25] as follows:
where m � 1, 2, 3, . . . , M and n � 1, 2, 3, . . . , N. In order to be able to calculate the vibration problem of plates with arbitrary shape in complicated boundary conditions, the admissible function chosen in the present method has the following characteristics: it is an orthogonal function satisfying the corresponding governing equation, there is arbitrariness at the boundary, that is, some geometric boundary conditions cannot be met naturally, and the boundary conditions are only related to the spring stiffness constant.
e bending strain can be expressed as
where μ is called Poisson's ratio, D � Eh /(12(1 − μ 2 )) is the flexural rigidity, and h is the thickness of the plate.
Ignoring the mass of the springs at the edges, the kinetic energy of the structure is
where ρ is the mass density. e energy functional of the system can be expressed as
Substituting formulas (6), (12), and (13) into equation (14), and taking the total energy for partial derivatives:
where A mn is the unknown coefficient used to describe bending vibration of the thin plate. en, the vibration problem of the structure is transformed into the problem of solving eigenvalues, which can be expressed as follows:
where K is the stiffness matrix, K � K s + K p , where K s is the stiffness matrix of spring energy and K p is the stiffness matrix of the overall structure strain energy. M is the mass matrix of the structure, A is the unknown coefficient vector, and ω is the circular frequency. In this way, the free vibration problems can be transformed into the eigenvalue problem.
Numerical Analysis
In this section, set the calculations of free vibration problems of rectangle, triangle, parallelogram, round, and oval thin plate as examples, and by comparing the results of the present method with the results of references and FEM, good convergence and accuracy of the present method are proved. e material parameters of the plate are as follows: Young's modulus is equal to 2.1 × 10 11 Pa, Poisson's ratio is equal to 0.3, and density is equal to 7850 kg/m 3 .
Convergence.
e values of truncated number M and N in the admissible function, the spring stiffness, and the discrete division Q may have a great influence on the accuracy of the calculation via the present method.
e convergence analysis mainly focuses on the abovementioned quantities.
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By choosing the calculations of free vibration of rectangular plates under simply supported and clamped boundary conditions as examples, the convergence of the improved Rayleigh-Ritz method is tested. e parameters of the physical model are as follows: the length is a � 2 m, the width is b � 1 m, and the thickness is h � 0.02 m, as shown in Figure 7 .
Convergence analysis is carried out on the truncated number M and N first. Table 2 shows the first 10 natural frequencies of the plate changing with M and N when the number of division Q is a constant and the stiffness coefficients of the springs equal to zero.
From the data in Table 2 , the natural frequencies of the vibration of the rectangular plate tend to be fixed with the increase of the truncation terms M and N. When M � N � 12, the change of natural frequency is already very small, it can be considered that the method has converged. e convergence of the division value Q is illustrated. According to Table 2 , the truncation terms M and N are equal to 12, the stiffness coefficient is 0, and the natural frequencies of the plate on different Q are compared, as shown in Table 3 .
From Table 3 , the variation of natural frequencies of the rectangular plate is very small with increasing Q. When Q is equal to 40, the natural frequency is basically the same, so it can be thought that the present method has converged. e convergence analysis is carried out on the stiffness of the spring next. Sometimes when simulating complex boundary conditions, the stiffness coefficients may need to be infinite such as simply supported or clamped conditions. However, when calculating by Matlab, the coefficients cannot be infinite actually. So, we choose a very large number instead. Table 4 shows the values of spring stiffness coefficient convergence tending to infinite. e values of the selected spring stiffness coefficient are related to the bending stiffness D. Suppose k � p N/m 2 and K � p N/rad. From Table 4 , we can conclude that the free vibration frequencies of the clamped plate tend to be a stable value as the stiffness coefficient increases gradually. When the stiffness coefficient is k � 10 Tables 5-7. e calculating formula for error is
Tables [5] [6] [7] show that the present method calculated results are very close to the reference, which proves that when calculating the free vibration of rectangular plates under complex boundary conditions, the present method is very accurate.
Free Vibration Analysis of Triangular Plate.
To illustrate the accuracy of the method for solving the problems of free vibration on plates with hypotenuse edges under complex boundary conditions, natural frequencies of the triangular plate under different boundary conditions are obtained. e physical model is shown in Figure 8 . e length of the two short sides is a=1m, the length of the long side is b=2m, and the thickness of the plate is h=0.02m.
In this section, two kinds of boundary conditions are selected for modal analysis of triangular plates, simply supported and elastic boundary (set K � 0 N/rad). Calculating the natural frequencies, and comparing with the results of FEM, the accuracy of the method can be proved in Tables 8-9 and Figures 9-10 .
From Tables 8 and 9 , comparing with the results of the finite element method, the natural frequency of the triangular plate via the present method is accurate and the error is very small. Figures 9 and 10 show the corresponding modes of the first four orders of the two methods. (the red part shows convex, and the blue part shows concave). As can be seen from the figure, the corresponding modes of the first four orders of the triangular plate are almost the same. It can be seen that the results of the present method are highly consistent with the FEM results, which proves the correctness and accuracy of the method when solving free vibration problems of plates with hypotenuse.
Free Vibration Analysis of Elliptical Plate.
In order to verify the applicability of the present method for the curved edge plates under different boundary conditions, the vibration analysis of elliptical plates under different boundary conditions is discussed, as shown in Figure 11 . e long axis of the ellipse model is a � 4 m, short axis b � 2 m, and thickness h � 0.02 m.
In this section, two kinds of boundary conditions are selected, simply supported and clamped. By using the present method, the natural frequencies are obtained. Compared with the results of FEM, the accuracy of the method can be proved in Tables 10-11 and Figures 11-12 .
From Tables 10 and 11 , the natural frequencies of the elliptical plate calculated via the present method are in good agreement with the results of FEM, Figures 12 and 13 give the corresponding modes of the first four orders under the two boundary conditions (the red part of the figure shows convex, and the blue part is concave).
Free Vibration Analysis of Isosceles Trapezium Plate with Curved Sides.
We combined the shapes above to verify the applicability of the present method in solving free vibration of complex-shaped thin plates, and we combined the following two kinds of borders: straight edges and curved edges. Take the trapezoid with curved sides as an example, and analyze the free vibration characteristics. e model is shown in Figure 14 , in which No. 2 and No. 4 edges are curved. Advances in Civil Engineeringe parameters of the isosceles trapezoidal plate with curved sides in this section are as follows: the upper bottom length is a � 4 m, the lower bottom length is b � 10 m, the highest is c � 8 m, the two hypotenuses are 1/4 elliptic curve whose long axis is 8 m and the short axis is 3 m, as shown in Figure 14 . Tables 12-13 show the comparison of the natural frequencies of the first 10 orders. e natural frequencies of the trapezoidal plate are calculated by the present method and then compared with the FEM. e data show that the results of the two methods are in good agreement and the error is less than 1%.
Discussion
e analysis above showed that the improved Rayleigh-Ritz method can be used to solve the free vibration problems of Advances in Civil Engineering 
Advances in Civil Engineering
In terms of the free vibration problems of rectangular plates with center openings, the method to select the displacement function and to simulate the complex boundary condition is almost the same as the plates analyzed above. What is different is that due to the perfect symmetry of the model, in order to simplify the calculation, only a quarter of the structure was studied, which can be seen in the study of the circular plate and ellipse plate as well.
e compute model of the rectangular plate with circular opening is shown in Figure 15 . e strain energy of the plates of opening should be obtained by using the whole strain energy minus the strain energy of the opening, which is true of the kinetic energy. Take a rectangular plate with circular opening as an example to show the formulas to introduce it. Relevant geometric parameters are as follows: the length of rectangular plate is a � 6 m, the width is b � 4 m, the thickness is h � 0.02 m, and the inner opening radius is R � 1 m.
e bending strain energy of the rectangular plate without opening is expressed as 
where k x0 , k y0 , k xb , and k yb are the displacement-constrained spring stiffness values in x � 0, y � 0, x � a/2, and y � b/2, respectively. K x0 , K y0 , K xb , and K yb are the corner constrained spring stiffness values in x � 0, y � 0, x � a/2, and y � b/2, respectively. en, the total energy functional of the whole structure can be expressed as
(23) Table 14 shows the natural frequencies of free vibration of the rectangular plate with circular opening obtained by the present method and FEM. Figure 16 gives the corresponding modes of the first four orders.
Of course, the improved Rayleigh-Ritz method also can be applied to solve the vibration problems when the shape of the plate or the opening is changed as well.
e corresponding vibration modes of the first four orders of hexagonal plate with rectangular opening are shown in Figure 17 .
Conclusion
An improved Rayleigh-Ritz method is proposed to analyze the free vibration characteristic of the arbitrary-shaped plates under general boundary conditions. We expand the domain of admissible functions out of the structural domain to form a rectangular domain for which the admissible functions can be obtained easily. Besides, the spring model is adopted to simulate the general boundary conditions. e numerical results of the analytical solutions of rectangular, triangular, circular, oval, and curved trapezoidal thin plates are given. By comparing the natural frequencies and mode figures with the simulation results and reference examples, the remarkable convergence and accuracy of the present solution have repeatedly been demonstrated through the numerical examples. It is worth noting that, for a plate of symmetric shape, a quarter of the plate is adequate enough for the analysis to simplify the model. However, the symmetric and antisymmetric boundary conditions can be applied to the central cutting lines to get the frequencies and modes of the whole plate, and it is proved to be accurate.
As a semianalytical method, this method is used to calculate arbitrary-shaped thin plates under complicated boundary conditions. With unique advantages, the programming of the method is simple and easy to understand and of great compatibility. It should be highlighted that the present method can also be extended to the areas of other dynamic problems such as Mindlin plate, thick plate, and functionally gradient plate and shell.
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